We investigate conserved charges in the low-energy effective field theory describing heterotic string theory. Starting with a general Lagrangian that consists of a metric, a scalar field, a vector gauge field, together with a two-form potential, we derive off-shell Noether potentials of the Lagrangian and generalize the Abbott-Deser-Tekin (ADT) formalism to the off-shell level by establishing one-to-one correspondence between the ADT potential and the off-shell Noether potential. It is proved that the off-shell generalized ADT formalism is conformally invariant. Then we apply the formulation to compute mass and angular momentum of the four-dimensional Kerr-Sen black hole and the five-dimensional rotating charged black string in the string frame without a necessity to transform the metrics into the Einstein frame.
Introduction
In recent decades, much work has been devoted to seeking exact solutions for the low-energy limit of heterotic string theory and a lot of analytic solutions with gravitational field, dila-tons, Kalb-Ramond field and gauge fields have been found in the context of such an effective theory since Gibbons and Maeda first constructed the four-dimensional static, spherically symmetric black hole solution [1] , which was also independently found few years later [2] .
We only list partial solutions here. In the framework of the low-energy effective field theory describing four-dimensional heterotic string theory, several new static and charged black hole solutions for the Einstein-Maxwell-Kalb-Ramond-dilaton system were obtained in [3] .
A rotating charged black hole solution, usually named as Kerr-Sen black hole [4] , was found by Sen in the year 1992. Its generalization with NUT parameters in various dimensions was presented in [5] . In higher dimensions, Mahapatra constructed a five-dimensional rotating charged black string solution that possesses a gravitational field, a scalar field, an antisymmetric tensor gauge field and a U(1) field in the low-energy effective field theory [6] . Apart from the black string solution, five-dimensional black ring solutions were also found [7, 8] . These solutions are of great importance to analyze various non-perturbative aspects of string theory. Further investigation on their properties, such as thermodynamic properties, entropy bounds and the proof of the full Penrose inequality, requires to provide systematic methods to identify the conserved charges in the low-energy effective field theory of heterotic string theory.
Noether theorem has played an important role in defining conserved charges in various theories of gravity. Up to now, various approaches have been proposed to compute the conserved charges in the gravity theories through the Noether procedure, such as the covariant phase space approach [9, 10] proposed by Wald and Iyer, the covariant formalism [11, 12, 13, 14] developed by Barnich, Brandt and Compere (BBC), the Abbott-Deser-Tekin (ADT) formalism [15, 16, 17, 18] , and several related methods presented in [19, 20, 21] . In particular, the ADT formalism, which is defined in terms of the Noether potential got through the linearized perturbation for the expression of the equation of motion in a fixed background of spacetime, has made some progress on computation scheme for conserved charges in various gravity theories. Since the fixed background metric has to satify the equation of motion in vacuum, the Noether potential in ADT formalism is on-shell. Recently, in Ref. [22] , Kim, Kulkarni and Yi generalized the on-shell Noether potential in the ADT formalism to off-shell level on basis of the linearized perturbation of the Noether current and potential in arbitrary background. Further incorporating a single parameter path in the space of solutions into the formalism along the line of the BBC method [11, 12, 13, 14] , they proposed a quasi-local formulation of the conserved charges in covariant theories of pure gravity.
The generalized formalism for the quasi-local conserved charges supplies a more efficient way to compute the ADT conserved charges and it has been extended to various theories of gravity coupled with matter fields or not. In [26] , Hyun, Jeong, Park and Yi generalized the formalism in [22] by including the effect from matter fields and they further showed that conserved charges via the modified ADT formalism are consistent with those by both the covariant phase space approach [9, 10] and the boundary stress tensor method [23, 24, 25] .
In [27] , we presented an off-shell Noether current that is different from the one in [22] by the variation of the Bianchi identity for the expression of the equation of motion. Then we employed the generalized formulation to calculate the quasi-local conserved charges of black holes in four-dimensional conformal Weyl gravity and in arbitrary dimensional Einstein-Gauss-Bonnet gravity coupled to Maxwell or nonlinear electrodynamics in AdS spacetime. Other applications and generalizations of the modified ADT formalism can be found in [28, 29, 30, 31, 32, 33, 34] .
In this paper we shall extend the off-shell generalized ADT method developed in [22, 26] to investigate the conserved charge in the low-energy effective field theory of heterotic string theory by taking into account of the contributions from the gravitational field, scalar field, U(1) gauge field, together with the two-form field. We start with a general Lagrangian including these fields and aim to provide another systematic approach to compute the mass and angular momentum in the theory. The generality of the Lagrangian we consider ensures that we can directly perform calculations of the conserved charges in the string frame without a necessity to transform the metrics into the Einstein frame. All the results coincide with the ones usually achieved in the Einstein frame since it is proved that the off-shell generalized ADT formalism is conformally invariant.
Our paper is organized as follows. In Sect. 2, we derive the off-shell Noether currents and potentials to present a covariant formalism of the conserved charges for the low-energy effective field theory of heterotic string theory. We then apply the formalism of conserved charges to compute mass and angular momentum of the four-dimensional Kerr-Sen black hole and the five-dimensional rotating charged black string in Sect. 3 and Sect. 4, respectively. Sect. 5 is our conclusions. A is devoted to calculating the energy of general static charged black holes in Einstein-Maxwell-Dilaton gravity. In the B, we investigate the conformal properties of the conserved charges.
General formalism
In this section, we shall derive the off-shell Noether and ADT potentials to present a formulation of the conserved charges for the low-energy effective field theory of heterotic string theory. The massless bosonic part of the effective action for the theory describes Einstein gravity coupled to certain matter fields. It consists of a metric g µν , a scalar field ϕ, the two-form Kalb-Ramond antisymmetric tensor field B µν , together with other gauge fields.
In the present work, we take into account of only a single U(1) component A µ of the full set of gauge fields and start with a more general Lagrangian 
, defined by
µν ,
where
3) the variation of the Lagrangian (2.1) with respect to the metric tensor and matter fields
where the boundary term Θ µ ϕ (i) ; δϕ (i) , locally constructed out of the fields ϕ (i) , δϕ (i) and their derivatives, is given by
Let ζ µ denote any smooth vector field on the spacetime. Under the coordinate transfor- 
where the tensor E µν is a linear combination of the expressions for the Euler-Lagrange
. Unlike the case of pure gravity theories, E µν does not have to be symmetric. Replacing the variation by the Lie derivative along the vector ζ µ in Eq. (2.4), one can follow [26, 37] to define an off-shell Noether current J µ that includes contributions from matter fields as
In the above equation, all the off-shell currents J µ (n) , here and in what follows n = (R, ϕ, A, B), take the forms
while the off-shell Noether potentials K µν and K µν (n) are given by
Note that the off-shell Noether potential K µν (B) in Eq. (2.9) is consistent with the potential for two-form field got through the covariant phase space approach in [38] when ζ µ is a Killing vector and P = −exp(−αφ)/12.
Assume now that the smooth vector field ζ µ respects the symmetry of spacetime by treating it as a Killing vector ξ µ . We follow [26] to introduce the off-shell ADT current J µ ADT associated with the Killing vector ξ µ by
where Q µν ADT is just the off-shell ADT potential corresponding to the ADT current. In terms of the variation of the Lagrangian (2.1) and the definition of the off-shell Noether current J µ , the ADT potential which is in one-to-one correspondence with the off-shell Noether potential can be presented by and Q µν (B) are equivalent to those obtained via BBC method in [39, 40, 41] . What is more, if we directly adopt the BBC method [11, 12, 13, 14] to compute the superpotential for the Lagrangian (2.1), we shall get the result that is equivalent to the off-shell ADT potential Q µν ADT . This implies that both the off-shell generalized ADT method [22, 26] and BBC method are equivalent for the Lagrangian (2.1). In other words, the off-shell generalized ADT method provides another way to derive the superpotential of the Lagrangian (2.1) in the BBC method. Besides, it was shown that the off-shell ADT potential is completely equivalent to that got through the covariant phase space approach in the presence of generic matter fields in [26] .
By following the BBC approach [11, 12, 13, 14] where
can be a proposal of the formalism for the conserved charge, defined in the interior region or at the asymptotical infinity, for any covariant gravity theory with the Lagrangian (2.1) whenever its integration is well-defined [14] . Since the Lagrangian (2.1) also includes the scalar-tensor theories of gravity, Einstein gravity coupled to a scalar field non-minimally and Einstein-Maxwell-Dilaton gravity as its special cases, formalism (2.12) is applicable to these gravity theories. To see this, we shall explicitly compute the energy of the static charged black holes in Einstein-Maxwell-Dilaton gravity in the A. It will be shown that the conserved charges defined through Eq. (2.12) are conformally invariant in the B.
3 Mass and angular momentum of Kerr-Sen black hole in the string frame
In this section, we will employ the covariant formalism (2.12) to compute the mass and angular momentum of the well-known Kerr-Sen black hole [4] in the string frame. The effect from the scalar field, U(1) gauge field and two-form field will be fully considered. The Kerr-Sen black hole is a four-dimensional solution in the low-energy effective field theory describing heterotic string theory. In the string frame, the effective action reads
Comparing the above equation with the general Lagrangian (2.1), we have
In Boyer-Lindquist coordinate, the Kerr-Sen black hole in the string frame takes the form
where the parameters m, a, γ are integration constants associated with the mass, angular momentum and electric charge, while the functions ∆ and Σ are given by 
The above equation shows that the contributions to the ADT potential from the matter fields are not totally zero. However, since √ −gQ tr (ϕ) , √ −gQ tr (A) and √ −gQ tr (B) fall off very fast at infinity, the matter fields finally make no contribution to the mass of the KerrSen black hole. In terms of the formalism (2.12) of the conserved charge, we integrate
) on the surface at infinity and get the mass
which agrees with the Brown-York quasilocal energy [42, 43] calculated in the Einstein frame.
The process to obtain the angular momentum of the Kerr-Sen black hole is parallel to the mass. Substituting the Killing vector ξ µ = (0, 0, 0, 1) into Eq. (2.11), we get the (t, r) component of the ADT potential 8) which is associated with the angular momentum. Integration of √ −gQ tr on the surface at infinity further yields the angular momentum
Both the mass M KS and the angular momentum J KS satisfy the first law of black hole thermodynamics and they are consistent with the ones via the ADM formalism in the Einstien frame.
Mass and angular momentum of the five-dimensional black string
In this section, the covariant formalism (2.12) is applied to compute the mass and angular momentum of the five-dimensional rotating charged black string constructed by Mahapatra in [6] . This black string characterized by four parameters (m, a, γ 1 , γ 2 ) is an exact solution for the Lagrangian (3.1). The metric of the black string admits a generalized Killing-Yano tensor [44] . In the string frame, it is presented by The matter fields take the forms
To compute the mass and angular momentum per unit length of the black string, we take an infinitesimal parametrization of a single parameter path by letting the integration constants (m, a, c i , s i ) fluctuate as
Combined with the timelike Killing vector ξ µ = −δ µ t , which is the symmetry corresponding to the mass, the (t, r) component of the ADT potential reads
Thus the mass per unit length of the black string is read off as
By assuming that the Kiling vector ξ µ = δ µ φ , the angular momentum per unit length of the black string can be got by performing an analogous calculation. We present it by
Both the mass and angular momentum per unit length coincide with the ones via the ADM formalism.
Summary
In the present work, we have investigated the conserved charges in the low-energy effective field theory of heterotic string theory by building a one-to-one correspondence between the ADT potential and the off-shell Noether potential like in [22, 26] . Starting with the general Lagrangian (2.1), which also includes the scalar-tensor theories of gravity, Einstein gravity coupled to a scalar field non-minimally and Einstein-Maxwell-Dilaton gravity as its special cases, we derive the off-shell Noether currents and potentails in Eqs. Although we only take into account of the mass and angular momentum of the KerrSen black hole and the black string, one can expect that the formalism (2.12) for conserved charges is also applicable to the higher-dimensional rotating charged black holes with NUT parameters in [5] and the five-dimensional black rings in [7, 8] . A Energy of static charged black holes in Einstein-Maxwell-
Dilaton gravity
In this appendix, we take the theory of Einstein-Maxwell-Dilaton gravity as a special case of the general Lagrangian (2.1) and make use of the covariant formalism (2.12) to calculate the energy of static and charged black holes in such a theory. Till now, much interest has been attracted by seeking exact solutions in the theory [45, 46, 47, 48, 49, 50, 51] . A lot of static black hole solutions with various asymptotic structures have been constructed. We aim to provide another novel method to compute the conserved charges of these solutions.
The Lagrangian of the theory of Einstein-Maxwell-Dilaton gravity reads
The metric and U(1) gauge field for the static and charged black holes in d dimensions are assumed to take the general form
where i, j = 1, · · ·, (d − 2) and h ij is a function of coordinates x i , which span a (d − 2)-dimensional hypersurface.
The Killing vector associated with the energy is chosen as ξ µ = −δ µ t , and h ij is fixed, namely, δh ij = 0. By computing the ADT potential in terms of Eq. (2.11), we have
The U(1) gauge field A µ satisfies the equation of motion −4∇ µ (N F µν ) = 0. Its t component reads ∂ r ( √ −gN F tr ) = 0, which leads to that √ −gN F tr only depends on the coordinates x i .
This implies that the fall-off condition of the gauge field at infinity completely determines whether the first term in √ −gQ tr (A) makes contribution to the total energy or not. In general cases, A t ∼ O(1/r), which means that the contribution from the first term in √ −gQ tr
usually can be neglected. Integration of the ADT potential
over the surface at infinity in terms of the formalism (2.12) yields the energy of the static charged black holes if the integration is well-defined [14] . It is very interesting to apply Eq. (A.3) to investigate the first law of thermodynamics of the static black holes in [45, 46, 47, 48, 49] by considering the contribution from the scalar field along the line of works [52, 53, 54] .
B Conformal property of the conserved charge
In the present appendix, we investigate conformal property of the conserved charge in the low-energy effective field theory describing heterotic string theory. Performing the conformal transformation
to the Lagrangian (2.1), we obtain the Lagrangian in the Einstein framê Up to this point, the off-shell generalized ADT formalism is different from the original ADT formalism. Conserved charges defined through the latter depend on the asymptotic behavior of the conformal factor under conformal transformation and they are conformally invariant as long as the conformal factor goes to unity at infinity [55] .
As a result, it is fully feasible to adopt the formalism (2.12) to compute the conserved charges of the Kerr-Sen black hole and the five-dimensional black string in the Einstein frame. To do this, we need reexpress the string-frame metric g µν as the Einstein-frame metricĝ µν by letting g µν = e ϕĝ µν . The Lagrangian Performing analogous calculations as in the string frame on a basis of the above Lagrangian, we obtain the mass and angular momentum that are completely consistent with those corresponding to the Lagrangian (3.1).
